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Analytical method to solve differential diffusion equations describing the
growth of the phase wedge during the intermetallic-compound formation
with a narrow concentration range of homogeneity in bicrystals is proposed.
A model describing the diffusion phase growth from point source inside the
polycrystal grains is regarded. Analytical method to solve differential diffu-
sion equations for such a model is suggested. Parabolic, cubic, and fourth
power diffusion regimes for different scales from nanometers to micrometers
and millimeters are analysed.
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3alporIoHOBAHO AHAJITHYHY METOAY PO3B’s3yBaHHA AudepeHIiliHoro pis-
HAHHA, 1[0 OIIMCY€E KiHETHMKY YTBOPEHHA iHTepMeTaseBOl (hasu B3AOBXK MeEXKi
MiK 3epHaMM 3 OMHOUYACHUM IIPOHMKHEHHAM y caMi 3epHa. Po3risHyTo MO-
Iesib, AKUHN OoNMcye KiHeTHUKY YTBOPEHHS iHTepMeTrasaeBoi ()asu 3 TOUKOBOTO
J:Kepejia BCcepeNUWHI IOJiKpHCTATIiUHMX 3epeH. 3alpoIIOHOBAHO BiAIIOBiAHY
AHAIITUYHY MeTOAy PO3B’A3yBaHHA AU(EPEHIiAHOro PiBHAHHS TAKOr0 MOJe-
ato. IIpoananisoBano augysiiiai pe:xumu (mapabosiunuii, KyoiuHuii, YeTBep-
TOTO CTeIleHA) AJIA Pi3HMUX MacHITabiB — BiJ HAHOMETPOBOTO 0 MiKPOMETPO-
BOT'O Ta MiJIiMeTpPOBOTO.
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Ilpenyaraerca aHaIUTUYECKUII MeTOH pelleHUs AUMPEPEHIINaAJTIbHOTO ypaB-
HEeHUs, KOTOpOe OIMCHIBAET KMHETHMKY 00pasoBaHUA WHTEPMETAIINUYECKOTr0
COeIMHEHU A BAOJIb T'PAHUILI MEXKAY 3€EpHAMU C OJHOBPEMEHHBIM IPOHUKHOBE-
HUEeM B camMu 3épHa. PaccMaTpuBaeTcsa MOIeNb, KOTOPasa ONMUCHIBAET KMHETUKY
06paBOBaHI/IH HHTEepMeTaJJINYeCKOro CoeagrMHEeHNd M3 TOYEYHOrI'o MCTOUHHEKA
BHYTPH IIOJUKPUCTALIINUYECKUX 3€peH. I[Ipeamaraercsa cooTBeTCTBYIOITUMA aHA-
JUTUYECKUI MeTO pelieHua fuddepeHIinaaibHOT0 ypaBHEHUS TAKOU MOJEJIH.
Ananusupyoorca guddysruoHHble peKuMbl (mapabonnuyecKuii, KyonuecKuii,
YeTBEPTON CTEIEeHU) IJIA PA3HBIX MAcCIITab0B — OT HAHOMETPOBOTO J0 MUKPO-
MEeTPOBOTO U MUJIITMETPOBOTO.

Karouessie caoBa: qudpdysusd, peakmu, 3aKOH pocTa (pasbl, HHTEPMETaJIN-
YyecKUe coefUHeHU A, MexK(a3Hble 'PAaHUIIBI.
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1.INTRODUCTION

Analytical method of interdiffusion problems was presented in [1]. The
researchers analysed concentration profile of Zn in the diffusion re-
gion of Zn—Cu alloy (a-brass, solid-state solution, concentration of Zn
was less than 30%). This system has several intermediate phases too
(B-brass, concentration of Zn is about 50%, y-brass, concentration of
Zn is about 68%, s-brass, concentration of Zn is about 84%). These
phases are formed between o-brass and Zn during diffusion. Approxi-
mation of constant diffusion flux along the diffusion direction within
the width of each phase is used (so-called constant flux method) for de-
scribing the growth kinetics of the phases which was theoretically
grounded in [2]. This technique necessitates no allowance for the con-
centration dependence of D(C). Deviations from the parabolic law of
phase growth in cylindrical and spherical samples were analysed in [3]
using this method. This method was applied for describing the growth
kinetics of thin y-brass and ¢-brass layers in a cylindrical sample at
400°C (Cu was in the centre of the cylindrical specimens). The y-brass
layer grew slower and the e-brass layer grew more rapidly than in the
planar sample [4]. Model of the growth of an intermediate phase be-
tween low-soluble components on diffusion at grain boundaries involv-
ing outflow was suggested in [5] and criteria for a transition from the
Fisher regime ¢'/* to a parabolic one were established. It was proved in
[6] that perpendicular grain boundaries do not influence phase growth
kinetics in B-regime. This result allows us to use the well-known model
of a polycrystal as a 3D array of grain boundaries to be perpendicular
to the interface for describing the phase growth. There were no expla-
nations in [5, 6] how one can solve differential diffusion equations be-
cause of a very complicated method. The formalism suggested was ex-
tended to the case of the growth of a solid-state solution with an expo-
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nential concentration dependence of the diffusion coefficient. Analyt-
ical solution and Monte Carlo modelling of the Kirkendall effect were
suggested in [7]. Grain boundary (GB) diffusion parameters determi-
nation using A-kinetics of intermetallic layer formation was proposed
in [8]. Experimental data on Cu;Zng (y-brass) diffusion growth kinetics
were used for separate determination of the volume diffusion activa-
tion enthalpy and the GB activation enthalpy. Alternative models of
competition of voiding and Kirkendall shift during compound growth
in reactive diffusion were analysed in [9]. One can improve the meth-
ods to solve the diffusion equations for the growth of intermediate
phase in bicrystals, polycrystals and inside grains.

2. MODELS AND METHODS

Model 1. The model of the phase layer growth during the intermetallic
compound formation with a narrow concentration range of homogenei-
ty, AC,, in bicrystals is based on the following assumptions [5, 6]:

1. An intermediate phase forms at first on the base of the grain
boundary; the latter, transforming from the boundary A—A to the
boundary 1—1, remains, due to easy influx with a diffusion coefficient
D, and having a thickness of d~1nm (i.e., the GB is not overgrown
with a new phase and does not bifurcate).

2. Formed phase 1 broadens normally to the GB due to volume diffu-
sion with a diffusion coefficient D << D,.

3. At all the points of the formed 1—A phase boundary between the
broadening phase I and the matrix A the concentration of the compo-
nent B is C; on the side of phase 1 and is zero on the side of phase A
(solubility of Bin A is ignored).

4. Outflow from the GB is the same at all GB points:

oc _ AC(x) _ AC, L x(t,0) = 2DAC, . 1)
ox x(t,y) x(t,0) C,

5. A flow in the volume of a phase wedge normal to the GB is con-
stant along x (a corresponding property is proved in [2]) in a reference
system associated with the moving nose of the wedge, y(%).

The equation for y(¢) has such a form [5, 6]:

dyt) _ A Ly
dt  y@t) '

where A = D,AC, /C,, B=(1/8)\/2DAC, / C,.
There were no explanations in [5, 6] how equation (2) can be solved

as a very complicated method was used. A simpler method can be point-
ed out.

()
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Method 1. One can simplify equation (2) by the following way
dz(t)
dt

where z(t) = u(t)v(t) = y2(t).
One can transform equation (3) into

=24 - 2715 2(1), 3)

du(t du(t
20 oty + (t)( ® . f (t)j @
Assumption
dv(t)
t) =
7t \/— v(t) =
leads to v(¢) = exp(—4B\/Z ).
Next step gives:
A
=24 4Bﬁdt 4Bt 43\/—+_C. 5
u(t) =24 e \/_ te'™ - =G (5)
General solution of Eq. (3) is as follows:
A A A
t)y== C,e BV, 6
2() B\[ 4B B ©)
Using initial conditions z(¢t = 0) = 0 one can obtain finally:
A
2(t) = =t - 1-exp(-4B+t 7
(@) B 1 B2 (1 - exp(-4Bvt)) (7)
or
y@t) = (8)
Equation (8) shows the Fisher diffusion regime:
D?&*AC
t) = 4| —>—21¢ 9
y(@) 2DC, (9)

for

D, D
i< y(t) < =26
V2p® YD <3p

Model 2. A model of the phase layer growth during the intermetallic
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compound formation with a narrow concentration range of homogenei-
ty inside grains is based on the following assumptions:

1. An intermediate phase 1 forms inside grains from a point source
of substance A that is surrounded by substance B. The point source has
a diameter of 6 ~ 1 nm. The dislocations steps can be the point sources
in nanometers scale.

2. Dislocation pipe is easy path for A-atoms to go from substance A
to the dislocations steps with a diffusion coefficient D, ~ D, and a di-
ameter of d * 1 nm.

3. Formed spherical phases I broadens in 3D space from the disloca-

tions steps due to diffusion with a diffusion coefficient D,
(D <D, <D,).
Method 2. One can use constant flux method [3] to get differential
equation for intermetallic compound growing inside polycrystals
grains from a point source and forming small spherical particles
(which form the polycrystals [10] and 3-dimensional integrated cir-
cuits[11]):

4ndR(t)D,AC, 9 dR(t) o
=——=2 = =A4aR°(t)C, ——, R(t) >> — 10
sph 2R(t)—6 T () 1 dt () 2 ( )
or
%Rz(t)zwg, (11)
dt 2C,

and the solution

R(t) = 5/ 28G9 (12)
2C,

It was proved in [6] that perpendicular grain boundaries do not influ-
ence phase growth kinetics in B-regime. This result allows us to use the
well-known model of a polycrystal as a 3D array of grain boundaries to
be perpendicular to the interface for describing the phase growth. The
growth phase layer law in polycrystals for diffusion time

DC,8°
L I
Z"g 8D ACI

3. ANALYSIS

(13)

is parabolic because volume diffusion is more pronounced than GB dif-
fusion.
Parabolic diffusion regime is valid (in micrometers and millimetres



1206 M. V. YARMOLENKO

scales [4]) for y(¢) > (D,0)/2D[5, 6]:

y(t) = ZDCAcl t. (14)
1

Parabolic diffusion regime is valid in nanometres scale and the
growth phase layer law is as follows:

2D.A
yty = [228G (15)
Cl
A comparison of Egs. (12) and (15) show that
2 D3
t, = ﬁ —”5 (16)
5—>§ ACI 2D
One can find:
DfCl(‘S2
IR TV
§—>Z 6D1 ACI
and
D 2/3
y|t Jz( ”] 5. )
( %Ai 2D,
4. SUMMARY

The growth law of the phase layer during the intermetallic compound
formation with a narrow concentration range of homogeneity is para-

bolic for diffusion time
- C162 Db3
AC, \2D*"

The growth phase layer law inside polycrystals grains is proportion-

al to % in about 100 nanometres scale for diffusion time

Cs* | D} D:C,8*
<t < —F——.
AC, \2D° 6D;AC,

The growth phase layer law in bicrystals in B-regime is the same as

the Fisher solution: the phase wedge is proportional to 4/t for diffusion
time:
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D,C . DG’
6D>AC, 8D’AC,

The phase wedges and roughness are smoothed during phase growth
[4, 6]. Smoothing rate is the more pronounced, the smaller the rough-
ness radius [3]. The growth phase layer law in polycrystals in microme-
ters and millimetres scales for diffusion time

D!C,&*
t>—t1
8D’AC,

is parabolic because volume diffusion is more pronounced than GB dif-
fusion.
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